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Abstract. Let /i = l,/2 = 2, /a = 3, /4 = 5,... be the sequence of Fibonacci numbers. It is 
well known that for any natural n there is a unique expression n = /^^ + fi^ + ■ ■ • + fi^ such that 
ia+i — *a ^ 2 for a = l,2,...,g — 1 (Zeckendorf Theorem). By means of it we find an explicit 
formula for the quantity Fi^{n) of partitions of n with h summands, all parts of them are the distinct 
Fibonacci numbers. This formula is used for an investigation of the functions F{n) = JZhLi ^hi'n.) and 
xC*^) = They are interpreted by means of the representations of rational numbers 

as some continues fractions. Using this approach we define a canonical action of monoid Z2 X Z2 X N 
(see the text for the notations) on the set of natural numbers, the set orbits of that is also a monoid, 
freely generated by the set Q/Z, and such that F{n) is invariant under this action. A fundamental 
domain of the action is found and the following results are established: the formula xC"-) = Ojilj ^ 
theorem on "Fibonacci random distribution" of n with F{n) = k, the estimation F{n) ^ ^/n + 1, and 
it is shown that limjv^cx)(x'^{l) + ■ ■ ■ + (^)) / ^ = 0- addition, an algorithm to find a minimal n 
with F{ri) = fc is provided. 



Let N be the set of non negative integers and let /o = /i = = /i-i + /i-2, (« ^ 2) be the 
Fibonacci sequence. The article concerns the representations of n G N as n = + • • • + f i^ , where 
1 ^ ii < ■ ■ ■ < iq. Such representations we call the Fibonacci partitions of n. Let Fh{n) be the quantity 
of all such partitions of n with h summands. It is obvious that 
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In Section 1 we establish an explicit formula for the polynomial F{n;t) = 1 + J^hLi -^h{n)t^ ■ One 
corollary of this result is that in the expansion 

OC' oc 
2=1 n=l 

all coefficients xl*^) equal to 0, ±1, that resembles Euler's Pentagonal Theorem. 

In the subsequent sections we study the functions F{n) = F{n; 1) and x(^) = Fin; —1). The contents 
of Section 2 points to a close relation between them and the representations of rational numbers as 
especial continued fractions. This observation implies the following factorization of F. 

Let r(Q/Z) be a monoid (i.e. a semigroup with a two-sided unit), freely generated by the set of non- 
zero elements of the group Q/Z, where Q and Z be the additive groups of rational and integer numbers 
respectively. Any non unit element of r(Q/Z) may uniquely be represented as a word 51 * • • • * g^, where 
gi, . . . ,gs are the non reducible rational fractions a/b e (0, 1). Let N* be a multiplicative monoid of 
natural numbers. Define a homomorphism of monoids 5 : T{Q/Z) — > N* by d{ai/bi * ■ ■ ■ * Os/bg) — 
&i • • • bs- In Section 2 we define a surjective map of the sets tt : N ^ r(Q/Z), that makes the diagram 



r(Q/z) 



commutative, 
monoids T = 




It turns to be that on N may canonically be defined a free action of direct product of 
Z2 X Z2 X N such that r(Q/Z) is naturally identified with the set of T-orbits (here N 
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is treated as an additive monoid, and Z2 is a group with two elements), and n is the corresponding 
projection. Thus F{n) is invariant under the T-action. 

For each 7 G r(Q/Z) define 6{'y) G N to be the minimal number in tt~^^{j). Let £ be the set of all 
such numbers. Then f is a fundamental domain for T. The elements of £ we call the essential numbers. 
We will be convinced that £ is exhausted by the set of integers [mrj + [mr^J, where t = (1 + •\/5)/2 
is the Golden Ratio, m £ N, and [p\ denotes the integer part (floor) of real number p. (In this form 
the sequence £ is included in [6].) The set of essential numbers inherits the multiplicative structure of 
monoid r(Q/Z). In Section 3 we give a formula for the corresponding multiplication. 

In view of the T-action on N, to find all r?. G N with F{n) = A: it is sufficient to find all essential 
fc-numbcrs, i.e. those n G £, for which F(n) — k. The quantity of essential fc-numbers is obviously 
finite. Using this, in Section 4 we obtain an additional information on F{n). 

Namely, let '^{k) be the cardinality of the set 5~^{k). It is easy to verify (Lemma 3.2) that 

*(fc)= "^(M/rMr) (1) 

l<r^fc,r|fc 

where (p is the Euler's totient function and ^'(1) = 1. Function ^ naturally appears in Section 4 as a 
quantitative expression for an interesting property of "stability" of Fin): we prove that for r ^ 2k the 
quantity of naturals n such that fr^n< fr+i and F{n) = k, equals to 1 for A; = 1, and to 2^{k) for 
k > 1. In particular, for r ^ 2k this quantity is independent from r. The sequence of numbers 

*(A:) = {1, 1, 2, 3, 4, 6, 6, 9, 10, 12, 10, 22, 12, 18, 24, 27, 16, 38, 18, 44, ... } 

was also observed by R. Munafo (see[6]) as the quantities of fc-periodic hyperbolic components on the 
continent of Mandelbrot set ([4]). Another result of Section 4 is the estimation F{n) ^ \/n + 1. 

In Section 5 we study the function x('t-)- Since |x('^)l ^ 1) the quantity of naturals n ^ N with 

X(n) = ±1 equals to X{N) = x^(l) + X^(2) H h X^W- The main result of Section 5 implies that 

limN^oo X{N)/N = although n gN with x{n) 7^ appear often enough. For instance, X{f2&) = 
X(196418) = 46299. 

A minimal essential fc-number is a minimal n € N with F{n) = k. Finding such n poses an interesting 
question, but seems to be difficult. In sections 3 and 6 we outline an algorithm to find the minimal 
essential fc-number for any k. 

The included figure is a graphical presentation of F{n), where n belongs to the interval [0, f^e, — !]• 
This plot hopefully helps to clarify the situation. Few comments on it are included in Section 7. The 
graphic of F{n) reminds some "fractal" pictures. Probably a "fractal" behavior of the quantity of 
partitions with the distinct parts, taken from the linear recurrent sequences, is typical. In Section 7 we 
propose a related conjecture. 

Two of our results were independently obtained by other people. Namely, the inequality IxC'^)! ^ 1 
was established by G. Payne (unpublished) and by N. Robbins (cf.[5]). Theorem 5.3 in a slightly different 
form was proved by F. Ardila (cf.[l]). 

We use the following notations: Z and Q mean the additive groups of the integer and rational numbers 
respectively; N and are the additive and multiplicative monoids of non negative and positive integers 
respectively; Z2 is a group with two elements. The word "iff' is a synonym for "if and only if; the 
abbreviation "F.p." is a synonym for "Fibonacci partition". The notation #5 is used for the cardinality 
of the set S. For integer m we define A(m) = 0, 1 according to m = 0, 1 mod 2; <^ is the Euler totient 
function. All claims on Fibonacci numbers and on the Golden Ratio r = (1 + \/5)/2 we mention as 
"well known" one may find in book [2]. 

1. The quantity of Fibonacci partitions 

In this section we introduce the main definitions and notations we use during the article, and establish 
an explicit formula for the quantity Fh{n) of Fibonacci partitions of n with h summands. 

Definition 1.1. 

(1) A partition is a set of integers / = {i\,...,iq\ such that < ii < . . . < i,. The numbers 
ii, . . . ,iq are called the parts of /. The partition I is strict if ii < ■ ■ ■ < ig. 
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(2) The number n = ii + ■■■+ iq is a content of I = {ii, . . . , ig}, and q is a dimension of I. 

(3) A Fibonacci partition is a strict partition, all parts of it are Fibonacci numbers. 

(4) A partition I = {ii, . . . , iq} is a 2-partition if ia+i — ia ^ 2 for a = 1, . . . ,q — 1. 

(5) A Fibonacci partition {/i^, . . . , fi^} is minimal if {ii, . . . , iq} is a 2-partition. 

The following notations and conventions will be used: 

is the set of Fibonacci partitions of content n and F{n) = #!F{n). 
^h{n) = {{fi, ,...,fijG Hn)} for /i > and F^(n) = ^Mn). 
By definition F(0) = Fo{0) = 1 and Fh{0) = for /i > 0. 
For I = {ii, ...,iq} we set fj = fi^-i + fi^. 

Often we shall write a P.p. {/j^, ■ ■ ■ ,fi^} of content n as n = fi^ H + fig- 

For any n e N there exists a unique minimal F.p. n = H h f^ig{n)- This simple observation 

is a content of Zeckendorf's Theorem. It implies that the correspondence 

n Z{n) = {/ui(n), . . . , /Uq(n)} 

defines a canonical bijection Z : ^ 1^2- Sometimes we use the notations j-iooi'Ti) = IJ>q{n) and 
lioo-a{n) = IJ-q-ain). By definition /ioo(O) = 0- 

The main aim of this section is an explicit expression for F{n; t) = 1 + X^^^Li Ph{n)t^ by means of 
the 2-partition Z{n) (Theorem 1.4). To formulate the result we need few more definitions. 

Definition 1.2. Let / = {ii, . . . ,Zq} be a 2-partition. 

(1) / is simple if X{ii) — ■ ■ ■ — X{iq). 

(2) A canonical form of / is a (unique) representation / = (/i;...;/^), where /i,...,/^ are the 
simple 2-partitions such that / = /iU---U/s and min(7a+i) — max(/a) is an odd positive 
number for each a = 1, . . . , s — 1. 

(3) 2-partitions Ii,. . . ,Is are the simple components of I. 



Definition 1.3. Let / = {ii, 

(1) Define a{T) = (ai, . . . 



. . , ?q} be a 2-partition. 

, aq) e N« by 



ar 



[^J +1 if r = 1 
if,.>i 



Vector a{I) is the associated vector of I. 
(2) Let / = (/i;...;/s) be a canonical form of I, and a{I) = {ai, . . . ,Qq). Set do = 0,rf„ 

dim(/i) H h dim(J„) and A„(/) = {ad^_^+i,ad^_^+2, aa^)- Define 

00 

= U {("I' "2, • • • , a,) e N« : ai > m, Q!2 > 2, . . . , aq > 2} 

9=1 



An associated multivector of / is V(/) = Mil) x A2{I) x • • • X As{I) & A\ x A 
A = U^i Ai X ^2 Thus V -.V^^ Als a surjective map. 

Define Ao(0;0) = l,Ai(a;i;0) = xi and 



x(s-l) 



We set 



Aq{xi,X2, . . . ,Xq;yi,y2, ■ ■ ■ ,yq-i) 



Xl 

1 



Vi 

X2 








2/2 



for q^2. Now for A = {ai,a2, . . . , Uq) e W let 

£'(Ai) = Ag(<^a,(i),<^„,(i),...,, 



,(*); t' 



012+1 



Xq-1 

1 



2/9-1 
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where 4>a{t) = t + t'^ + ■ ■ ■ + for a S N. Thus polynomial D{A; t) may be defined by the recurrence 
D{ai, ...,ar;t)^ (j>a^{t)D{ai, . . .,ar-i;t) - t°''-'^^D{ai, . . .,ar-2]i) (2) 
starting with D{%]t) = l,D{ai:t) = (jjaAt)- 

Theorem 1.4. Let n e N and let V(Z(n)) = AiX ■■■ x A^. Then F{n; t) = D{Ai;t) ■ ■ ■ D{As;t). 

Our proof is divided into several lemmas. 
Lemma 1.5. Let n ^ /^j(„) H 1- Then 

(a) The greatest part of each F.p. of content n equals to either fn^{n) or to 

(b) Each F.p. of content fr is of a form fr-2k + fr-{2k-i) + /r-(2fc-3) + H /r-3 + fr-i, where 

k = 0,1, . . . , [^^\ ■ In particular F{fr,t) = (t)^r-i^ ^ ^(t). 

(c) (Rigidity of F.p's.) Let n = fa^ + • • • + fan F.p. Then for each m,l ^ m ^ q there exists 
s,l i^s iS,h such that fa^^ h fa, = H h Ifm<q, then fa^^^ ^ /^^(n)- 

Proof To prove (a) let us assume that n = fa^-i \-fa, and fa, < /^,(„)-i. Then n = fa^A Vfa, ^ 

/i + /2 H \- fn (n)-2 = fi.1 (n) — 2 < n what is not possible. Heading (b) follows from (a) by induction 

on r. 

The proof of (c) is by induction on n. It is sufficient to find s such that fa,+i + • • • + fa^ = //:i,(n)- 
Indeed, then the first claim of (c) is implied by the same one for the F.p. ni = fai + ■ ■ ■ + fa, < ^ 
and with minimal F.p. ni = f^^{n) + ■ ■ ■ + ffi _i(n)- Since either = /iq_i(n) or = /iq_i(n) — 1, we 
obtain that fa,+i ^ //Lt,_i(n)- That proves the second claim of (c). 

Again, by (a) either ah = IJ-qin) or ah = /iq(n) — 1. For ah = Hq{n)k, there is nothing to prove. Let 

ah = f^q{n) - 1 and ni = n - fa^ = f^,^{n) H K /M,-i(n) + /m,(")-2- If (m<?H - 2) - /iq-i(n) > 2, then 

the last expression is a minimal F.p. for ni. Since ni < n, by the inductive assumption there is s such 
that /a,+i + /a,+2 + • • • + /a;,_i = /^,(„)-2- But then fa,+^ + fa,+^ +■■■ + fan-i + fa,, = ft,,{n), and (c) 
follows. 

For ipq{n) - 2) < 2 it is sufficient to verify that fa^_i = /^,(„)-2, since then = 

//.,(n)-2 + ./M,(n)-i = /^^(n)- Contrary, assume that ^ /^,(„)-3- Then n = fa, + fa2 -\ 1" 

/a,»-i + ./i + /2 H h /^,(„)-3 + .f^i^in)-! = "^ff^^in)-! - 2. Sincc in the considered case 

ljLq-i(n) ^ iJLq{n) - 3, from the minimal F.p. for n we obtain n ^ fn^(n)-z + fij.,{n) = 2/,i,(n)-i, that is 
a contradiction. □ 

Let Tkji{n) = {{fa,, - ■ ■ , /a,J e J^h{n) : fli > fc}, and let Fkji{n) = ifTkjiin). 

Lemma 1.6. Assume that /ii(n) > k. Then Fk,h{n) = Fh{f^,(n)~k H 1- ffi,in)-k)- 

Proof For {/ai, • • • , /a^,} e Tk,h{n) define Afe({/ai, . . . , /a^}) = {fa,-k-,----,fah-k}- We claim that 

Afc({/ai, • • • , /a^}) e ThUi^i(n)~k H h /p,(„)-fc)- The proof is by induction on g. For g' = 1 it follows 

from Lemma 1.5(b). Let q > 1. We can find s > 1 such that fa, + • • • + fa, = ffj.i(n) + • • • + fij,^_i(n) 

(Lemma 1.5(c)). By the inductive assumption /ai-feH h/a^-fc = fni{n)-k^ ^/^,_i(n)-fe, /a,+i-fc + 

• • ■+fah-k = fn^(n)-k, and our claim follows. Thus the map Afe : Tk,h{n) ^h{fp,i(n)-k-\ l-/^,(„)-fe) 

is well defined. Then it is obviously bijective. □ 

Lemma 1.7. Let {ii, . . . ,ix,ji, ■ ■ ■ ,jy} € V2, {x,y > 0) and a = [ •'^^''^ J + 1- Then 

F{fn+--- + f.^+fn+--- + fj,,t) = 

'F{f,, + • • • + fi^,t)F{f,,_,^ +■■■ + i) if A(ji) ^ A(i,) 

< F{fi, +... + fi^,t)F{fj,_i^+, + ... + /,„_i,+i,i)- 
, t"+^F(/n + • • • + fi.-^ , t)F{fj,_j,+^ + ■■■ + fi,-J,+l,t) if A(ii) = A(i,) 

Proof Let fi,-\ h/i^ = nufh^ \- fjy = n2 and F^\n) = #{{fai, ■ ■ ■ , fa^} ^ ^h{n) : ah = m}. 

Thanks to Lemma 1.5(c,a) each F.p. from Th{ni +112) is of a form {fa,, ■ ■ ■ , fa,, fas+i, ■ ■ ■ ,fah}j where 
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fai + • • • + fa, = ni and either Gs = ix — ^ oi Us = ix- Therefore 

h 
s=l 

Again by Lemma 1.5(c) there is si ^ s + 1 such that fa,^i + • • • + fa,-^ = fji- Then Lemma 1.5(b) 
implies that A(as+i) ~ A(ji). In addition we know that a^+i ^ ix (Lemma 1.5(c)). If A(ji) ^ X{ix) 
then a^+i > ix- Thus J;^_i,,,_s(n2) = Fi^,?i_^(n2). Since i^s(ni) = Fi'""^^(ni) + F^'"'\ni), we may 
rewrite formula (3) as 

h 

Fh{ni + n2) =^Fs{ni)Fi^^h-s{n2) 

s=l 

Applying Lemma 1.6 to Fi^^h-s{n2) completes the proof in case A(ji) ^ \{ix)- 

Now let A(ji) = \{ix)- From Lemma 1.5(b,c) it follows that each F.p. from Ti^-i^h-s{n2) with 
the minimal part fi^ is of a form {fi^, ■ ■ . , fj^-i, fi,, . . .,fh-s-a}, where a = [^^^\ + 1. 

Therefore Fi^^h-s{n2) — Fi^-i^h-s{n2) — Fj^-i^h-s-a{n2 — fji)- After substitution this expression in 
formula (3) and recall that Fs{ni) = F^^''~^\ni) + F^^''\ni) and Fi'"'^(ni) = Fs-i{ni — fi^), we obtain 

h h 

Fh{ni+n2) = ^F4ni)Fi^_i,fc_s(n2) - ^F,-i(ni - fiJFj^_i^h-s-a{n2 - fjj 

s=l s=l 

Applying Lemma 1.6 to Fj^_i_ft,_s(n2) and to Fj^-i^h-s-a{n2 — fji) completes the proof. □ 

Proof of Theorem 1.4- Let Z{n) = {ii,...,iq} be a simple 2-partition and V{Z{n)) = {ai, . . . ,aq). 
Prom the second case of Lemma 1.7 formula, we obtain a recurrence 

F{n;t) = F{n - fi^,t)F{fi^_i^_,,t) - t"^+'F{n - - /,,_,,*) 

where F{fi^-i^_-^) = 4>ag{t) by Lemma 1.5(b). The induction on q shows that F{n;t) depends only on 
vector V{Z{n)). Therefore, there exists a function D'{ai,a2, . . . , a,; t) = F{n; t) and for r > 2 

D'{ai, ...,ar;t)= <^„,(t)£)'(ai, . . . , a^-i; t) - t"'-+^£)'(ai, . . . , ar-2; t) 

In addition D'(0;t) = l,D'{ai;t) = 4>aiit)- Therefore recurrence (2) implies that D'{A;t) = D{A;t). 
Now Theorem 1.4 follows from the first case of Lemma 1.7 formula. □ 

Corollary 1.8. (a) Forn&n let x{n) = F{n; -1). Then x(n) = 0, ±1. 

(b) Let (ai, . . . ,ar) € Ai. Then D{ai, . . . ,0^.; -1) = iff \{D{ai,. ..,ar; 1)) = 0. 

Proof. Thanks to Theorem 1.4 it is sufficient to verify that D{A;—1) = 0, ±1 for arbitrary integer vector 
A = (ai, . . . , Uq). This is obvious for q = 0,1 and for q = 2,3 can easily be verified. The recurrence (2) 
implies that 

{D{ai, . . . ,aq-3,aq-2;-l) if A(ag) = 
£>(«!,..., aq_4, ttq-s; -1) if A(aq) = 1 and A(aq_i) = 1 (4) 
D{ai,...,aq-2,aq-i + l;-l) if A(ag) = 1 and A(ag_i) = 

The induction on q completes the proof of (a). 

Obviously X{F{n)) = X{x{n)). Since V : P2 ^ ^ is a surjective map, there exists n G N such that 
D{ai, . . . , a^; 1) = F{n) and D{ai, . . . , a^; — 1) = xC*^)- Therefore (b) follows from (a). 

□ 
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2. Continued fraction interpretation of xi^) and F{n) 

Theorem 1.4, in particular, gives the exphcit expressions for the functions F{n) = F(n; 1) and 
xin) = F{n; —1). These expressions might quite naturally be interpreted by means of the presentations 

of rational numbers as some continued fractions. 

Namely, for A = (ai, . . . , Uq) G Ai define a rational function {A; t) on t by 

1 ^ D{a2,...,aq;t) 



(A-t) = {ai,...,aq;t) 



<Pai{t)- (pa2{t)- <Pa^{t) D{ai, . . . , aq\t) 



Lemma 2.1. For A = {a\, . . . , aq) G Ai there exists a polynomial d{A; t) such that D{A; t) = t'^d{A; t) 
and d{A; 0) 7^ 0. A greatest common divisor of the polynomials D{ai, . . . , a^; t) and D{a2, ■ . ■ , aq-, t) in 

Z[t] equals to t'^~^ . 

Proof. For q = 1 lemma is obvious. For g > 1 it follows by induction on q. Really, using the inductive 
assumption we obtain a recurrence 

D{au ...,aq;t)=t'i{{l+t + ---+ t'^^-^)d{a2, ...,aq;t)- t°'^-'^d{a3, ...,aq- 1)) = i«d(ai, . . . , a^; t) 

where the polynomials d{a2, . . . ,aq;t) and d(a3, . . . , a,; are relatively prime. Now the first claim 
follows because the inequality a2 — 1 ^ 1 implies that d(ai, . . . , a^; 0) = d{a2, ■ ■ ■ , ctq] 0) 7^ 0. The 
second claim follows as well, since if we assume that there exists a common root for d{ai, . . . , a,; and 
d{a2, . . . ,aq;t), then it is also a root for d{a3, . . . , a^; t) as the above recurrence shows. But relatively 
prime polynomials d{a2, . . . , a^; t) and d{as, . . . , a,; t) can not have common roots. □ 

For AgAi set for brevity D{A) = D{A; 1) and {A) = {A; 1). 

Lemma 2.2. (a) Let (ai, . . . , a,) e Ai. Then the rightmost side of expression 

(ai,...,aq) = ..._ = — ^ (5) 

ai- Q!2- OLq L)\a.\,a.2,---,0lq) 

is a non reducible positive rational fraction. 

(b) For any rational g > there exists a unique c{g) G Ai such that g = {c{g)). In other words if 
{A) = g,{AG A\), then A = c{g). 

(c) In this correspondence c{g) G A2 iff g < 1. 

Proof. For A £ Ai there exists n e N such that V{Z{n)) = A. Theorem 1.4 implies that D{A) = 
F(n) > 0. Therefore (ai, . . . , aq) > 0. The non reducibility follows from Lemma 2.1 when t = 1. 
For a rational fraction g = a/b > the coordinates of vector c{g) may be found by the recurrence 

ai = Ibi/ai] if Oj 0, a^+i = ajOj - 6j, = 

starting with ai = a, 61 = h. where \p] denotes the ceiling of real number p. The recursion terminates 
when Oi+i = 0. The proof of uniqueness is omitted, because it repeats the standard arguments from [3] 
(Ch.X) in a similar situation. □ 

For instance, for integer k > we have c{k) = (1, 2, . . . , 2) and c{{k — l)/k) = (2, 2, ... , 2), where 2 
repeats k—1 times in each case. 

Theorem 2.3. For relatively prime non zero integers a,b define x{<^/b) = ~ 2A(a)). Let 

V(Z(n)) = Ai X ••• x^,. Thenxin) = x{{Ai))...x{{As)). 

Proof. In view of Theorem 1.4 it is sufficient to establish the claim only for s = 1. Let V{Z{n)) = A = 
(ai, a2, . ■ . , aq). Then (A) = D{a2, ■ . ■ , aq)/D{ai,a2, • . • , aq). The proof is by induction on q. 

From Corollary 1.8(b), we know that if X{F{n)) = X{D{ai,a2, aq)) = 0, then x{n) = = 
Thus we may assume that X{D{ai,a2, . . . , Uq)) = 1. It remains to show that then 



D{ai,a2, ...,aq] -1) 



1 if \{D{a2,...,aq))=Q 
-1 if \{D{a2,...,aq)) = l 
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For q = 1,2 this is clear. Let q > 2. The foUowing recurrences follow from the definition of D: 

D{ai, . . .,aq) = aiD{a2, . . . ,aq) - D{a3, . . . ,aq) (6) 
D{a2, ...,aq)= a2D{a3, . . . , a,) - D{a4, ■■■,aq) (7) 
...,aq] -1) = -X{a^)D{a2, ...,aq; -1) + (1 - 2X{a2))D{as, ...,aq; -1) (8) 

In (8) we used that = -\{a) and = 2A(a) - 1. 

If A(£>(q!2, • • • , ctq)) = then _D(q:2, . . . , a^; — 1) = by Corollary 1.8(b). Then (6) implies that 
A(£)(q:3, . . . , ttq)) = 1. But then from (7) it follows that \{D{ai, . . . , aq j) = A(a2). Therefore the induc- 
tive assumption shows that D{a3, . . . , a,; ~1) = 1— 2A(q!2)- Now from (7) we obtain D{ai, . . . , a,; = 
(1 — 2A(a2))^ = 1 as claimed. 

Let now A(D(q;2, . . . , aq j) = 1. By induction D{a2, . . . , a^; —1) = ±1, depending on A(D(a3, . . . , a^)) = 
0, 1. If X{D{a3, . . . , aq)) = 0, then D{a3, . . . , aq-, —1) = by Corollary 1.8(b). In addition (6) shows 
that A(q!i) = 1. Now from (8) it follows that D{ai, . . . , a^; —1) = —1 as claimed. 

Finally, let X{D{a3, . . . , aq)) = 1. Then (6) shows that A(ai) = 0. From (7) it follows that A(a2) + 
X{D{a4, . . . ,aq)) = 1. If A(a2) = 0, then X{D{a4, . . . , aqj) = 1, and by the inductive assumption 
D{a3, . . . , aq] —1) = —1. Similarly for A(a2) = 1 we obtain D(a3, . . . , a^; —1) = 1. In both cases from 
(8) it follows that D{ai, . . . , a^; — 1) = —1. The proof is completed. □ 

Function F{n) may also be interpreted by means of continued fractions. Namely, consider a monoid 
r(Q/Z), freely generated by the set Q/Z. By definition 1 is a two sided unit of r(Q/Z). The non unit 
elements of r(Q/Z) we identify with the words 7 = * • • • * g'g, (s > 0), where each gi is a non reducible 
fraction a/b G (0, 1) of positive integers. For s — by definition 7=1. 

Let A'^"'' = Aix A^^"~^\ A = U^i-4(*\ and let p : ^ ^ r(Q/Z) be a map, defined on ^ = 
Ai X A2 X ■■ ■ X As e A'-"'^ by 

p{A) = {{A,)-l{A,)\)*{A2)*---*{A,) 

Lemma 2.2 implies that p is surjective. 

Define a homomorphism of monoids S : r(Q/Z) — > N* by the formulas S{1) = 1, (5(ai/&i*- • -^as/bg) = 
bi - ■ ■ bg. Theorem 1.4 says that F{n) = D{Ai) . . . D{As), where Ai x ■ ■ ■ x Ag = V{Z{n)). Therefore 

(5) shows that the diagram 




is commutative. Our next aim is to show that on the fibers of map p ■ V there exists a canonically 
defined algebraic structure. 

Consider the maps N''+^,(g' ^ 0), defined by ^ (1) for = and by {ai, a2, ■■■ ,aq) 

(1, ai + 1, a2, . . . , ttq) for g > 0. These maps induce a map Sj[ : A ^ A. Let S*^ = id^, and let S"^ be 
the r-th iteration of Sj\. It is easy to check that for (ai, . . . , a<j) G Ai and r > 

(S:4(Qi, . . . , a,); = + t"-+^-\au • • • , a,; 

For t = 1 and g G Q/Z this formula implies that {SJ^{c{g))) = r + {c{g)) = r + g. 

Let A G A and let p{A) = g. Then either A = Ai or A = Ai x A2. li A = Ai, then (Ai) = 
[{Ai)\ + g. Lemma 2.2(b) implies that then A = 5^ (0(5)), where r = [{Ai)\. If A = Ai x A2, then 
{Ai) = l{Ai)\ = r and A2 = c{g). Again, Lemma 2.2(b) shows that Ai = 5'^((1)). 

These arguments imply that for J = gi * ■ ■ ■ * gs G r(Q/Z) the set ^^^(7) is exhausted by the 
multivectors S^(^c{^)) and 5'^((1) x 0(7)), where 0(7) = c{gi) x • • • x c{gs), and r runs over N. Moreover, 
for each AG A there exist a uniquely defined 7 G r(Q/Z) and r gN such that either A = S'^(^c{'y)) , or 
A = 5:4((l)xc(7)). 
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Therefore the formulas ta{S^^{c{j))) = x 0(7)) and ryi(5^((l) x 0(7))) = 5^(0(7)) define 

an invohition Tj^ : A ^ A. Since commutes with S_a., monoid T^, generated by the set of maps 
{tAi S'^, S\, S"^, . . .} : A^ A, is isomorphic to a direct product of monoids Z2 x N. 

Each orbit of the action of on A coincides with p~^{'y) for a uniquely defined 7 G r(Q/Z). 
Therefore the set of orbits may canonically be identified with r(Q/Z). In addition it follows that the 
action of T_4 on A is free (i.e. without fixed points). 

The fibers of V obviously coincide with the orbits of involution lu : V2 1^2, defined by 

r. . j{ii + l,...,iq + l} if A(ii) = l 

- 1, . . . ,2q - 1} if A(zi) = 

It is possible to raise up the maps Sa, : ^ — > -4 to the maps S,t : V2 ^ 7^2 such that 

V-S = Sa-V, V-t = ta-V, T^=idv2, lo ■ S = S ■ to, uj-t = t-uj, t-S = S-t (10) 

First define S by 

S{ii, . . . , I J = {2 - A(zi), n + 2,...,iq + 2} (11) 

To define r, notice that the above description of ^^"'^(7) implies that for any / G 7^2 there exist a 
uniquely defined /' G 7^2 and r G N such that / = S" (/') and /' is one of the following 2-partitions: 
either {ii, . . . ,iq} or {1, zi, . . . , iq} and A(ii) = 0, or {2, ii, . . . , iq} and A(ii) = 1, where in all cases 
ii > 3. For such 2-partitions I' we set 



Tin 



{2-A(il),il + l,...,iq + l} if r ^{H,...,iq} 

{ii-l,...,iq-l} if r = {l,ii,...,iq} ov r = {2,ii,...,iq} 



Now for / = S^{I') set r(/) = S"'(t(/')). This formula extends the action of r to the whole set V2- A 
test shows that all formulas (10) are satisfied. 

Thus on 7^2 is defined an action of monoid T ~ Z2 x Z2 x N, generated by the set {to, r, S} of maps 
7-*2 V2- It is easy to check that this action is free. 

For a & A the set V~^(a) consists from two 2-partitions. Denote by 9{a) G 7^2 those of them, the 
lowest coordinate of that is odd. 

Lemma 2.4. (a) Let I = {h, . . . ,ig) G 7^2 and A(ii) = 1. Then I = 0{c{-j)) for 7 G r(Q/Z) iff h ^ 3. 
(b) For 7 G r(Q/Z) let 61(0(7)) = where i G T,/ G 7^2- Assume that fi < /e(c(7))- Then I = c{j) 
and t = idpj . 

Proof. Claim (a) directly follows from Lemma 2.2. Let us prove (b). Since ii ^ 3, formula (11) 
shows that if 9{c{-f)) = S"'(/), then r = 0. Therefore if ^(0(7)) = {ii,...,iq) = t{T) then either 
I = (1, ii + 1, . . . , ig + 1) or / = (2,ii + 1, . . . ,iq + 1), according to A(ii) = 1,0. If, finally, 0{c{j)) = 
LLj{i[, . . . , i'q), then i[ = ii + 1, ... = iq + 1 as it follows from (9). Thus if t ^ idps) then fe{c{-y)) < fi 
that completes the proof. □ 

For 7 G r((Q/Z) define ^(7) = /e(c(7)) G N. From Lemma 2.4 it follows that 0(7) is the lowest number 
in (p ■ V ■ Z)~^{j) C N. Since Z : N ^ 7^2 is a canonical bijection, the maps uj,t and S are uniquely 
defined on N. Collecting the whole above information, we conclude: 

Theorem 2.5. On the set of natural numbers N is defined a free action of monoid T ~ Z2 x Z2 x N, 

generated by the above defined set {uj,t,S} of maps N ^ N. For each orbit x C N ofT there exists a 
unique 7(2;) G r(Q/Z) such that x = T(^(7(x))). This correspondence is a bijection between the set of 
orbits ofT and the set r(Q/Z). Let tt : N — > r(Q/Z) be the natural projection. Then it = p - V ■ Z. In 
particular, F{T{n)) = F{n). 

Remark 2.6. It is obvious that x(ti)(n)) = x(")- Directly verifiable formula Z)(S'^(A);t) = VD{A\t) 
implies that x(S""(n)) = {—lYxi''^)- Now from the definition of r we obtain x(T(n)) = — x('^)- 
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3. Essential Numbers 

In the previous section we have introduced an injective map 9 : T{Q/Z) N, the image of that is a 
fundamental domain for the action of monoid T on N (Theorem 2.5). Here we give a simple description 
of this set of integers. The next definition agrees (as Lemma 2.4(b) shows) with the notation we have 

used in Theorem 2.5. 

Definition 3.1. For 7 G r(Q/Z) let ^(7) be the lowest number in 7r~^(7). A number of the form ^(7) 
is called an essential number. If F{6{'y)) = k, then ^(7) is called an essential k-number. If 7 e Q/Z, 
then 0(7) is called a F(ibonacci)-pnme number. 

The set of essential fc-numbers is denoted by S{k), and by £ = Ufe>o^('") denoted the set of all 
essential numbers. Theorem 2.5 implies that any n £ £ may uniquely be represented as a *-product of 
the F-primes. 

Lemma 3.2. Let 'l'(fc) = ^£{k). Then ^"(1) = 1 and ^'(fc) satisfies recurrence (1). 

Proof. The set £{k) is finite, since it is in a bijective correspondence with 6~^{k). Let r > 1 be an 
integer and let 

T{k,r) = {ai/61 * • • • * as/bs € 6~'^{k),s €N:bs = r} 

Then T{k,r) 7^ iff r\k. In this case obviously #r(fc,r) = ^{k/r)(p{r). Since r(Q/Z) is a free monoid, 
we have r(A:, ri) fl r(A:, r2) = for ri r2. Therefore 

The proof is completed. □ 

Remark 3.3. To get an idea on the behavior of ^{k), let us notice that for a prime p and for the 
distinct primes pi , . . . , pm we have 

*(p") = {p- l){2p - !)"-!, *(pi ...pm) = B{m) {pi-l)... {Pm - 1) 

where B{0) = 1 and 

These formulas may easily be established by induction. 

The elements of sequence B(m) = {1, 1, 3, 13, 75, 541, 4683, 47293, 545835, • • • } are known as the or- 
dered Bell numbers (see [7]). The generating function for B(m) is 1/(2 — exp(a;)). In general, 

• • -Pm ) = Sai,...,a„(pi, • • • ,Pm) (Pl - 1) • • • {Vm ' 1) 

where Bai,...,a^{ti, . . . ,tm) is a polynomial. 

To explicitly describe the set of essential numbers, define a map £ : ^ ^ 7^2 by 

£(Ai XA2X---XA,) = {£(Ai),(72'^(^i) + l(e(A2)),...,(T2'^(^^)+2'^(^=)+---+2'^(^-^)+«-l(ci^,^ 

where 

d{ai, . . . , a,) = ai H h a, - g, a{ii, . . . , i,} = {ii + 1, . . . , + 1} 

e(ai, a2, . . . , a,) = {2d(ai) + 1, 2(i(ai, 02) + 1, . . . , 2d{ai,a2, . . . , a^) + 1} 

Theorem 3.4. (a) Lei 7 = 51 * • • • * e r(Q/Z) and s ^ 0. Then ^(7) = /e(c(7))- 

(b) A number n is essential iff either n = 0, or A(/xi(n)) = 1 and Hi{n) ^ 3. 

(c) A number n £N is essential iff n= [mrj + [mr^J, (m e N). 
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Proof. Claim (a) follows from the definitions of maps Z,V and p and Lemma 2.4(b). Claim (b) is a 
direct corollary of Lemma 2.4(a). 

Let us prove (c). Formula = r + 1 implies that [mrj + [mr^J = 2[mTj + m. Let m > 0. It 
is well known (see [2]) that [mrJ = /^i(m)+i + • • • + ftJ.^(m)+i ~ A(/xi(m)). Therefore 2[TOrJ + m = 
//ni(m)+3 H 1- /Moo(m)+3 " 2A(/ii(m)). Since ^i(m)+3 - 2 = /s + /s H h /^i(m)+2, we obtain 

2LmrJ+m=|^''^('")+^ + --- + ^''-W+^ A(Mi(m))=0 ^^2) 

[/S + /5 H h //ii(m)+2 + /^2(m)+3 H h /,i„(m)+3 if A(/Xl(m)) = 1 

Thus A(/xi(2[rnrJ + m)) = 1 and /xi(2[TOrJ + m) ^ 3. Then 2[mTj + m G £ hy heading (b). 

Contrary, let n e S. Then m{n) > 3 and A(/ii(n)) = 1 by heading (b). Let m = fi^-\ 1" /li^oo (")-<> ' 

where a and are defined as follows. 

If /ui(n) = 3 then o be a maximal r G [l,^oo{'n)] such that iJ,r{n) — /Ur-i(n) = 2 for all r ^ a and 

h = Ma(n) -2,lr = Aia+r-i(") "3, (r = 2, 3, . . .,fioo{n) - a + 1). 
If /Lti(n) > 3, then a = and Z^. = fJ^rin) — 3, (r = 1,2, . . . , Hocin)) ■ 

Then formula (12) shows that 2[mrJ + m = n. □ 

Remark 3.5. Formula (12) shows that [mrJ + [mr^J is F-prime iff X{iJ,2{nij) = • • • = X{ij,^{m)) — 0. 
In particular, [mrJ + [mr^J is not F-prime if /2r-i < 'm < fir and it is F-prime if m is a Fibonacci 
number. 

Since 6 : r((Q/Z) ^ 5 is a bijcctivc map, the set of essential numbers £ inherits the monoid structure 
of r(Q/Z). Theorem 3.4(a) implies that for ni,n2 G f the monoid multiplication on £ has a form 

m * n2 = ni + (T^'^^"^''(n2) 

where cr(0) = and a{n) = fa{z(n))- For example, 11 e £(3) and 29 G f (5). Then 11 * 29 = 333 and 
29 * 11 = 351. Prom our results it follows that F(ni * 712) = F{ni)F{n2)- 

On the other hand, map 6 equips r(Q/Z) with a structure of totally ordered set as follows: 

Definition 3.6. Let 71,72 e r(Q/Z). We say that 71 =^ 72 if 61(71) < 6»(72). 

For instance, 3/5 -< 2/5 -< 1/5 -< 4/5 according to the sequence of essential 5-numbers 24 < 29 < 
55 < 87. Another example is 1/2 * 1/3 -< 1/3 * 1/2 2/3 * 1/2 -< 1/2 * 2/3 ^ 1/6 ^ 5/6 according to 
the sequence of essential 6-numbers 37 < 42 < 45 < 50 < 144 < 231. 

Theorem 3.4(a), in particular, provides an algorithm to find the minimal essential /c- number. Namely, 
it is sufficient to find the minimal word 7 of finite set p~^{k) e r((Q)/Z) with respect to the order =<;. Then 
/e(c(7)) is the minimal essential fc-number. The number of necessary calculation steps is proportional to 
'^{k). As Remark 3.3 shows, it grows very rapidly with the number of prime factors of k. In Section 6 
we shall see, how this algorithm may be enhanced. 



4. Stability and upper estimation for F{n) 

In this section first we show that the maximal essential fc-number equals to f2k — 2. Together with 
Theorem 2.5 this leads to a "Fibonacci stable random distribution" of n G N with F(n) = k (Theorem 
4.4). The second result of the section is the estimation F(n) < \/n + 1 (Theorem 4.5). It shows, in 
particular, that the minimal essential fc-number ^ fc^ — 1. In what follows a key role plays 

Lemma 4.1. Let A = {a\, . . . , aq) G A2 and let d{A) = ai H + Uq — q. Then 

d{A) + 1 ^ D{A) s; /rf(^)+i (13) 

In these inequalities the identities hold iff either q = I or A = {2,2, ... ,2) for the lefthanded inequality, 
and iff ai,aq < 3 and a2 = ■ ■ ■ = otq-i = 3 for the righthanded one. 

Proof. Our proofs of the left- and righthanded inequalities (13) are separated although the arguments 
in both cases are similar. We establish Lemma 4.1 by induction on q. For g = 1 all the claims are 
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obvious. Let g > 1 . In the proof will be used two easily verifiable identities 

D{ai,. . . ,am, 2, - ■ ; 2 ) = D{ai,. . .,am) + rD{ai, . . .,am-i,am - 1) (14) 

r times 

D{ai, ...,aq)= D{ai, a^-i, 2) + (a, - 2)D{ai, Q!,_i) (15) 

We first prove the lefthanded inequality (13) for A = (ai, . . . , 2, .... 2), where 2 is repeated r > 
times and am > 2 if m 7^ 0, {m + r = q). For m = formula (14) implies that D{A) = d{A) + 1. Let 
m > 0. Since m < q and am — 1 > 2, we can apply the inductive assumption. Then the righthanded 
side of (14) is greater than (r + l)(ai + • • • + — m) + 1 > ai H h am + r — m + 1 = d{A) + 1. 

Assume now that ag > 2. Then formula (15), inductive assumption and already established case 

a, = 2 imply that the righthanded side of (15) is greater than (a^ — l)(ai H h a^-i — q + 1) + aq > 

ai -\ + aq — q + 1 = d{A) + 1. The proof of the lefthanded inequality (13) is completed. 

To prove the righthanded one, first notice that for integers a, r > we have 

fa+r+l ^ fa+l + rfa (16) 

where the identity holds iff r = 1. Really, fa+r+i = fa+i + {fa + fa+i H h fa+r-i) > fa+i + rfa- 

Let now A = (ai, . . . , am, 2, . . . , 2), where 2 is repeated r > times and am > 2 if to ^ 0, (m+r = q). 

If m = 0, then D{A) = d{A) + 1 ^ .fd{A)+i and the identity holds iff d{A) = 2. In this case A = (2, 2). 

Let TO > 0. Then formula (14) and inductive assumption imply that the righthanded inequality (13) is 

a corollary of (16) when a = ai + a2 + ■ ■ ■ + am — rn. The identity on it holds iff r = 1. In this case 

ai ^ 3, 0:2 = • • • = aq-i = 3,aq = 2. 

Finally, let a, > 2. Then formula (15), inductive assumption and already established case aq = 2 

imply that the righthanded inequality (13) is a corollary of (16) when a = ai -\ + a^-i — q + 2 and 

r = aq — 2. The identity on it holds iff ai < 3, a2 = • • • = = 3. □ 

Lemma 4.2. Let n be an essential number and let V{Z{n)) = Ai x ■■ ■ x Ag. Then 

n < /2d(Ai) + ...+2d(A^)+s+l - 2 

where the identity holds iff s = 1 and A^ = {2, . . . ,2). In this case n = /2diin(Ai)+2 ~ 2. 

Proof. Since n is an essential number, we have n — fe(Aix---xAs) Theorem 3.4. If e(Ai x • • • x Ag) = 

{ii, . . . , iq}, then ii is an odd number and iq = 2d{Ai) -\ h 2d{As) + s. But ii ^ 3 because Ai £ A2 

by Theorem 3.4. Therefore 

X] fi,-2i = fi,+l - ^ + Hiq) 

In this inequality the identity holds iff Zi = 3, 4 and ia = ii + 2a, {a = 0,1, ... ,q — 1). Since ai is an odd 
number, we have ai = 3. In this case {ii, ^2, . • . , iq} = {3, 5, . . . , 2g' + 1} is a simple 2-partition. Thus 
s = 1 and = (2, . ..,2). □ 

Corollary 4.3. The maximal essential k-number equals to f2k — 2 = 6{{k — l)/k). 

Proof. Let n be the maximal essential fc-number and let V(Z(n)) = A\ x ■ ■ ■ x Ag. Since A\ e A2 
(Theorem 3.4), we have d{Ai) > 0. Therefore Lemma 4.1 shows that 

k = D(^i) • • • D{As) ^ (d(^i) + 1) • • • [d{A,) + 1) ^ d(Ai) + • • • + d[A,) + s 

Now from Lemma 4.2 we obtain that n ^ /2d(Ai)H i-2d(As)+s+i — 2 ^ /2fc-s+i — 2 ^ f2k — 2. Since n 

is a maximal essential fc-number and /2/c — 2 e S.{k), we conclude that n = /2/c — 2. □ 

Theorem 4.4. Let Lr{k) = #{n : fr ^ n < fr+i, F{n) = k}. Then for r > 2fc the number Lr{k) does 
not depends on r. Let L{k) = limr^oo Lr{k). Then L{1) = 1 and L{k) = 2^'(fc) for fc > 1. 

Proof. Let n G £{k). Since A(/ii(n)) = 1 by Theorem 3.4(b), formulas (9) and (11) show that for to > 

Moo(S""(n)) = /ioo(n) + 2to, ii^{co{S"'{n))) = n^{n) + 2m + 1 
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Thus for any r ^ fioo{n) the interval [fr, fr+i) contains one and only one number from the set N{n) = 
{n, tj{n), S{n), ij{S{n)), 5'"(n), a;(S™(n)), . . . }, since x e [fr, fr+i) fl N iff ^Xoo{x) = r. 

Therefore, thanks to Lemma 3.2 and Corollary 4.3, we see that for r ^ 2fc — 1 interval [fr, fr+i) 
contains exactly \I'(fc) numbers from the set Nk = Ungf (fe) ^{n)- 

Let N{k,r) = iVfe n[/r, /r+i)- Since n e £, we obtain T{N{k,r)) C N{k,r + 1). Thus for r ^ 2k 
interval [fr, fr+i) contains exactly 2^{k) numbers with F{n) = k: N{k, r) \J T{N{k, r — 1)). □ 

Theorem 4.5. F{n) < \/n+T. In this inequality the identity holds ijf n = f^ — 1, {r G f^) . 

Proof It is sufficient to establish the inequality only for the essential numbers. Let V{Z{n)) ^ Ai x 
■ ■ ■ X Ag. We claim that F^{n) < n + 1, where the identity holds iff s = 1 and either Ai = (2, 3, . . . , 3) 
or Ai = (3, 3, ... , 3). In the last case we have respectively n = /s + /t + • • • + f4q-i = fig — 1) or 
n = /s + /g + • • • + .Aq+i — /Iq+i — 1. Thus Theorem 4.5 follows from this claim. 

Since n is essential, we have Ai = A = {ai, . . . , Ug) £ A2 (Theorem 3.4(a)). For s = 1 we shall prove 
the claim by induction on q. For g = 1 it is equivalent to inequality < f2a-i + 1; where the identity 
holds iff a = 2 or 3. This is easily verified by induction on a. 

Let g > 1. Since n = f2di{A)+i + • • • + /2d,(A)+i (Theorem 3.4(a)), the inductive assumption implies 
that it is sufficient to establish the inequality 

£>2(ai, ...,ag)- r>2(ai, . . . , ag_i) < /2d(A)+i (17) 

where d{A) = dg{A). In the proof we shall use two identities 

fa+b = fafb + fa-lfb-1 (18) 

jD{ai,...,ag-i,ag-l)+D{a-i,...,ag-i) if a, > 3 
[D[ai, . . . + D(ai, . . . ,aq^i - 1) if a, = 2 

the first of which is well known and the second one is directly verified. 
Let ag > 3. Then 

D {ai,...,ag) - D {a-L,...,aq-i) = 

by Lemma 4.1 

£)(«!,.. .,aq_i, a, - 1) (£»(«!,... ,ag_i,aq - 1) + 2£)(ai, . . . ,aq_i)) < 

since 0,^3 j^g^ 
fd{A)ifd{A)+^fd(A)-ag+2) ^ fd{A){fd{A)+^fd{A)-l)=fd{A){fd{A)+l+fd{A)-l) = f2d{A)+l 

The identities here hold iff ag = 3 and D{ai, . . . , ag-i,aq — 1) = fd{A)- Then Lemma 4.1 shows that 
ai = 2 or «! = 3 and a2 = cxs = ■ ■ ■ = Ug-i = 3. 
For ag — 2 we have 

D {ai,...,ag) - D {ai,...,ag-i) = 

by Lemma 4.1 

D{ai,. . .,ag-i - l){D{ai, . . .,ag-i - 1) + 2D{ai, . . . ,ag_i)) < 

fd{A)-l{fd{A)-l + 2/d(A)) = fd{A)-l{fd{A) + fd(A)+l) < fd{A)-\fd{A) + fd{A)fd{A)+l ^— ^ f2d{A)+l 

This completes the proof for s = 1. 

Let s > 1. Using the inductive assumption, we obtain 

D\A^) . . . D\A,) ^ D\A^)(N{e{A2 x • • • x A,)) + 1) ^ D\A^)N{e{A2 x • • • x A,)) + N(e{A,)) + 1 

To complete the proof it is sufficient to show that the righthanded side of this expression is less than 

N{e{A^,A2 X • • • X A,)) + 1 = N{e{A^)) + a'"'^^-^+\N{e{A2 x • • • x A,))) + 1 

Let iV(e(Ai)) and Ar(e(A2X---x A)) = Thenii ^ 3,d(Ai) + l = (^a + l)/2 

and 2d{Ai) + 1 = ia. From Lemma 4.1, we know that D'^{Ai) < /(^j„+i)/2- Therefore the needed claim 

follows from the inequality /fi^+i)/2(/ji H H/j J < H ^/jt,+«„ • But /f,+i)/2/j < fi+j for odd 

i > 3 and any j, since fi+j = fifj + fi-ifj-i = (/fj+i)/2 + /fi-i)/2)/j + fi-ifj-i by formula (18). □ 
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5. How OFTEN x{n) = 

This section concerns an investigation of function x(n). The main result here is that the natural 
density of whose n € N, for which x(n) = 0, equals to 1. 

Lemma 5.1. Let n, r, a e N and r > 1. Then 

x{n) = {-lYx{fr+2-2-n) if n e [/. - 1, /.+i - 1] (20) 
X{n) = if ne [2/,- + /,+!- 1] (21) 

X(n) = x(n + fa + fa+2) if n e [0, U - 1] and a > r (22) 

Proof. Proof of formula (20): Clear is that n € [fr — 1, fr+i — 1] iff /r+2 — 2 — n e [/r — 1, fr+i — !]• 
Since /i + /2 + • • • + /r = /r+2 " 2, to cach P.p. with q parts n = fi^ + ■ ■ ■ + fi^ = // corresponds the 
P.p. of /r+2 — 2 — n = /{i,2,...,r}\/ with (r — q) parts and vice versa. That, obviously, implies (20). 

Proof of formula (21): Let Z{n) = {ii, 12. ■ . ,iq}- Then = r + 1 by Lemma 1.5(a) since fr+i — 1 < 

n < /r+2 - 1. If ^r~4, then n = fi^-\ h f.,^_^ + fi^ < fr-3 - 1 + /r+i < 2/,. - 2 in contradiction 

with our assumption n > 2/^ — 2. Thus either = r — 3 or ig_i = r — 2. If = r — 3, then 

^ /r-2 + /r+1 ~ 1 = 2/r — 1. Hence n = 2/^ — 1. Applying Theorem 1.4, we conclude that 

X(n) = D{V{Z{2fr - 1)); -1) = D(l, 2, . . . , 2, 3; -1) = 

If iq-i = r — 2, then iq is a simple component of Z{n), and = 2. Therefore x(^) = by Theorem 
1.4. 

Proof of formula (22): Hoc{n) ^ r — 1 by Lemma 1.5(a). Let V{Z{n)) = {ai,a2, ■ ■ ■ , aq). Obviously 

(ai, . . . , ttq-i, Uq + 2) if Hooin) = r — 1 and a = r 
(ai, . . . , q;<j, Q!g+i, 2) otherwise. 

Since in the first case the coordinates of associated vectors of n and n + fa + fa+2 have the same parity, 
formula (22) follows from Theorem 1.4. In the second case (22) follows from the recursions (4). □ 

Corollary 5.2. (a) Let h{r) = #{n G Z : ^ n ^ /r - 1 and x{n) = 0}. Then h{0) = h{l) = h{2) = 
h{3) = 0, /i(4) = 1 and for r ^ 5 we have 

h{r) = fr-5 + l + h{r-l)+ 2h{r - 4) (23) 

(b) Let n and k be the naturals such that x(^ + 1) = x{n + 2) = • • • = x(" + k) = 0, and x{n) ^ 
0, x('^ + + 1) ^ 0. Then k = fr{n) + 1 for some r{n) > 0. Moreover, for any k = fr + 1 such n is 

exists. 

Proof. Proof of (a): For r < 5 the claim is obvious. Let r ^ 5. The number h{r) — h{r — 1) is 
a quantity of n G [fr-i — l,./r — 1] with x("') = 0- Identity (21) says that x(") = for all n € 
[2/r-2 — 1. fr-3 + fr-1 — 1] C [/r-1 " Ij /r " !]• The quantity of these numbers equals to /r-5 + 1. 
Pormula (20) implies that the quantities of n with x("-) = in intervals [/r-i — 1,2/^-2 — 2] and 
[/r-3 + fr-i,fr - 2] are equal. Let n G [/r-3 + fr-i, fr - 2]. Then n = ni + fr-3 + fr-i, where 
ni G [0, fr-i — 2]. Formula (22) shows that x('^) = x(^i)- Since x(/r-4 — 1) 7^ 0, we obtain 

#{n G [/r-i - 1, 2fr-2 - 2] U [/r-3 + /r-i, /r - 2] : x(n) = 0} = 2h{r - 4) 

Proof of (b): The claim holds for n < /s — 1. Assume that it holds for n G [0, /r — 1), (r > 5). Let 

n G [/r — 1, fr+i — !)• If JT. = 2/,.-i — 2 then x(") = li x('^ + 1) = 0. In this case wc take r{n) = r — 4 
as it follows from (21). Otherwise either n G [fr — 1, 2/r-i — 2) or n G [/r-2 + fr, fr+i — !)• In view of 
(20) it is enough to consider only the second case. Then n = ni + /r-2 + fr, where ni G [0, fr-3 — 1). 
Pormula (22) shows that x(") = x("-i)- Since xifr-s — 1) 7^ 0, the claim follows from the inductive 
assumption. The existence follows from formula (21) □ 

Theorem 5.3. Let E{k) = #{n €Z:0^n^k and x{n) = 0}. Then limfc^oo E{k)/k = 1. 
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Proof. The sequence {E{k)} is a non decreasing one and {E{fr—1)} = {h{r)} its increasing subsequence. 
To prove the theorem it is sufficient to establish that hnir->cx3 h{r)/{fr — 1) = 1. 

Let H{t) = J2'^o ^i''')^^ ■ ^ routine calculation, based on recurrence (23), leads to expression 



Hit)- ''^'''-'^ 



(t2 - l)(t2 + 1 - l){2t^ - 2*2 +2t-l) 



1 _^ 1 1 8*2-2^ + 3 



1-t-t^ 2{t-l) U{t + 1) 7(2*3 - 2*2 + 2i - 1) 
It implies that 

Kr) = /r - 1 + ^ (3 + A(r) + ait{ + 02*2 + 03*3) 

where *i, *2, ^3 are the roots of equation — 2*2 + 2* — 2 = 0, and ai, 02, 0,3 are some constants (see [2], 
Sec. 7.3). From Cardan's formula, we obtain 

It is easy to verify that |*i,2,3| < r « 1.61, (*i « 1.54, |*2,3| ~ 1.13). Now Binet's formula implies that 
lim,^^/i(r)/(/,-l) = l." ' □ 

Remark 5.4. One can show that the quantity of sequential n with x('^) 7^ does not exceed 4. 
Moreover, for such sequences of n only the following sequences of x('^) of maximal length appear: 

{1},{-1},{1,-1},{-1,1},{1, 1,-1}, {-1,-1, 1},{1,-1,-1},{-1,1,1},{1, -1,-1, !},{-!, 1,1,-1} 



6. On the minimal essential /c-numbers 

Let M{k) be the minimal essential fc-number. At the end of Section 3 we have described an algorithm 
to find M{k). In the present section we discuss how one can enhance this algorithm by increasing the 
monoid T to some bigger monoids, which arc also act on N, continuing the action of T and such that 
function F still be invariant with respect to the action of them. 

Let Yis be the symmetric group of all permutations of {1, 2, . . . , s}. (By definition, Sq = {1})- Let 
Ts C r(Q/Z) be the set of all elements * • • • *5s G r(Q/Z), (,g, e Q/Z, .g, ^ 1). Group acts on Vs by 
w{gi * • • • * c/s) = 5ct(i) * • • • * 5ro(s)) (^ € 5]s). This action induces an action of the group S = H^o 
on r(Q/Z) = U^o for w = n^=i w„ e S and 7 e T,, 07(7) = 1^7,(7). 

On the other hand. let t/(Z/6Z) be the group of units of the ring Z/6Z and let i : Q/Z 
\lbLiU{Z/bZ) be a bijective map, defined by i{a/b) = a mod 6 S U{Z/bZ). (Keeping in mind this 
identification, instead of i{a/b) we may write a/b G f/(Z/6Z).) The group of automorphisms of the set 
U{Z/bZ) is Thus the group of all automorphisms of the set Q/Z C r(Q/Z), commuting with S, 

is = ^<pib)- 

Let G = Sxi?, where i? C is a subgroup. The formula {wxh){gi*- ■ ■*gs) = /i(fl'ro(i))*" " ■*'i(fl'ro(s)) 

defines an action of G on r(Q/Z). Let rG(Q/Z) be the corresponding set of orbits of G, and let 
Pg ■ r(Q/Z) TaiQ/Z) be a natural projection. Then there is a unique map do ■ Tg{Q/Z) N* 
such that the diagram 

N r(Q/z) rG(Q/z) 




is commutative. 

For 7 e r(Q/Z) let G{"f) C r(Q/Z) be the G-orbit of 7. Obviously, the operation 0(71) * 0(72) = 
G(7i * 72) is well defined on TciQ/Z). It supplies TciQ/Z) with structure of a commutative monoid, 
freely generated by the set of orbits of H on Q/Z. Then the map pa ■ r(Q/Z) — > rG(Q/Z) is a 
homomorphism of monoids. Let ttg = Pg • i" : N — > rG(Q/Z). 
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Definition 6.1. For 7 G Tg{Q/'Z) let 9g{'^) be the lowest number in 71^^(7). A number of the form 
^0(7) is called a G-essential number. If F(^g(7)) = fc, then ^0(7) is called a G-essential k-number. If 
7 e Q/Z, then 6{'-f) is called FG-prime number. 

The set of G-essential fc-numbers is denoted by £G{k), and by £g = {Jk^o^(^) denoted the set 
of all G-essential numbers. It inherits the multiplicative structure of TgIQ/'^). 

Let w{"/) he a minimal element of ^^^(7) with respect to the order Then Oci'y) = 0{w{'y)), and 
thus the multiplication in £g has a form 

6*0(71) * ^(?(72) = 0{w{pg{w{ji) * w{ji)))) (24) 

Each natural 6 > 2 defines </?h(6) -PsxH-primes, where ipH{b) be the number of orbits of restriction H 

to C/(Z/feZ). 

The next statement, that is directly follows from Theorem 2.5, shows, how to raise up the action of 

G on r(Q/Z) to an action on N. 

Proposition 6.2. Let G be a group of automorphisms of the set T{Q/Z) such that SG{-y) = S{-y) for 
all 7 e r(Q/Z). Then the formula ^{T{e{j))) = T{9{^{j))), (£, & G) defines an action of group G on 
N, that commutes with the action of T. Thus, in our assumptions, on N is uniquely defined an action 
of monoid Tg = T x G. For each orbit x C N of this action there exists a unique j{x) G Tg{Q/Z) 
such that X = Tg(^^g(7(2;))). This correspondence is a bijection between the set of orbits ofTc and the 
set rG(Q/Z). The natural projection N — > TciQ/'Z) coincides with map ttg = Pg ■ In particular, 
F(TG{n))=F{n). 

Let, for instance, H = {1}. It is natural to call the elements of £j: the commutative essential numbers. 
The sets of F^-primes and F-primes are obviously the same. One can write the multiplication of £■£ in 
a more visible form than in general case. To describe it, let us introduce some linear order in Q/Z. 

Definition 6.3. Let x = {xi, . . . ,Xg^),y = {yi, . . . ,yq2),x ^ y he the vectors with natural coordinates. 
If qi ^ q2, let us add to the left side of the shorter vector max(gi, ^2) — niin((7i, (72) coordinates, each of 
them equals to the infinite big integer 00. Then we may suppose that both vectors x,y have the same 
dimension q = max{(ji.g2}- Let r = min{m | Xg-m 7^ yq-m}- We say that x < y ii Xg-r < yg-r, and 
X [> y otherwise. Let 51,52 G Q/Z. We say that 51 < 52 if c{gi) <\ 0(52), and for the F-prime essential 
numbers ni = ^(51), n2 = ^(52), ni < n2 if 51 < 52- 

For instance, c(3/8) = (3, 3) < c(l/3) = (3). Since ^(3/8) = 63 and 61(1/3) = 8, we obtain 63 < 8. 
It is not difficult to prove the following claim. 

Theorem 6.4 ("Main theorem of arithmetic" for £-^). A number n is a commutative essential number 
iff it has a form n = n*''^ * • • • * nj^"* , where ni <■■ ■ < are F -primes. 

Denote the product of numbers ni,n2 in monoid £s by ni o n2. Theorem 6.4 together with formula 
(24) shows how to find this product. For example, for 37 € £s{Q) and 92 e £2(8), 37o92 = 4341, whereas 
37*92 = 4362 and 92*37 = 4650. Another example is 8 e £^(3), 63 G £2(8). Then 80 63 = 63*8 = 673, 
whereas 8 * 63 = 707. 

Theorem 6.4 implies that in algorithm for finding M(k) from Section 3 it is sufficient to test only 
the commutative essential fc-numbers. Then the number of calculation steps is proportional to \E's {k) = 
#£j:{k). It is not difficult to show that for a prime p, 

r 

fei+2fe2H \-rkr=r i=l 

{ki ^ are integers). For example, 

*e(p') = lp{p - 1), *e(p') = Ip{p - l)(13p - 5), f e(/) = ^p{p - l)(73p2 - 45p+ 14) 
By induction on m it is easy to show that for the distinct primes Pi, . . . ,Pm we have 

m-l _ j^x 

*E(pi...Pm)=6(m) (pi-l)...(p™-l), where b{m) = [ )b{r), (6(0) = l) 

r=0 V ^ / 
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The elements of sequence b{m) = {1, 1, 2, 5, 15, 52, 203, 877, 4140, • • • } are known as the Bell numbers 
(see [7]). The generating function for b{m) is exp(exp(a;) — 1). In general, 

^E^r • • -Pm"") = &ai,...,a„(pi, • • • ,Pm) (pi - 1) • • • {Pm - 1) 

where 6ai,...,am(ii) • • • ,tm) is a polynomial on ti's. Prom these formulas one can see that the possibility 
to use in our algorithm only the commutative essential numbers is considerably decreasing the number 
of calculation steps. 

The first twenty terms of are 1, 1, 2, 3, 4, 4, 6, 7, 10, 8, 10, 10, 12, 12, 16, 18, 16, 19, 18, 24. 

Definition 6.5. We say that fc is a primitive number if M{k) is F-prime. In this case we say that 
M{k) is an F-primitive number. 

Any prime number is obviously primitive. But there are many non prime primitive numbers. For 
instance. Theorem 4.5 implies that all Fibonacci numbers are primitive. One can show that the numbers 

/2g-l + /2g+l, f2q + /2g+2, /2g-l + /2g+3 + /2g+5, f2q + /2g+4 + /2g+6, {Q ^ 1) 

are also primitive (as well as many others). 

The first twenty primitive numbers k, ordered by the values of M{k), are 1,2,3,5,7,8,11,13,18, 
17, 19, 21, 23, 29, 27, 34, 31, 37, 41, 47. The corresponding sequence M (fc) of i^-primitive numbers is 0, 3, 8, 
24, 58, 63, 152, 168, 401, 406, 435, 440, 1011, 1050, 1066, 1155, 1160, 2647, 2736, 2752. 

If it is already known that k is primitive, then we can find M{k) in less than (p{k) steps, that is much 
faster for the non primes k than by using the above algorithm. 

One can show that for any k there is a unique representation 

M{k) = M(7ri) o • • • o M(7r„) (25) 

where 7ri,...,7rm are the primitive numbers. That reduces the calculation of M{k) to the following 
questions. What is the set of primitive numbers? How to decompose an arbitrary minimal essential 
number in o-product of F-primitives? Unfortunately, I have no conjectures concerning the possible 
answers. 

Let n > be an F-primitive number. Then 7r(n) e Q/Z \ {0} C (0, 1). Since the Fibonacci numbers 
are primitive and 




- 1) = (3X^ = 1^ 

the numbers and are the accumulation points for the set of fractions 7r(n) C (0, 1). It would be 
interesting to know if there exist other accumulation points for the set 7r(F — primitives)? An answer 
to this question may clarify the nature of primitive numbers. 

A computer experiment shows that for the F-primitive n, 7r(n) often (but not always) is the best 
rational approximation either to or to with denominator F(n). The calculations also show that 
0.2 < 7r(n) < 0.8 for any F-primitive number n < 10^. 



7. On the graphic of F(n) 

The included plot is a graphical presentation of F(n) in interval [l,/26 — !]• From Theorem 1.4 it 
follows that 




1 iff n = — 1 and r ^ 

2 iff n = 2fr — 1 or n = fr-i + fr+\ — 1 and r > 1 



The numbers fr — 1, 2/^ — 1, fr-i + fr+i — 1 are the bearing points for numerous symmetries of the 
functions F and x- For instance, if fr — ^ ^ n ^ fr+i — 1, then F(n) = F(/,.+2 ^ 2 — n). 

On the plot the thick points on the dashed vertical lines have coordinates {fr — l, 1); on the continuous 
vertical lines they have coordinates (2/^ — 1, 2) and (/r-i + fr+i — 1, 2). The upper curve is defined by 
the equation F(n) = \/n + 1. The thick points on it have coordinates (/^ — 1, fr). 
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Let Cr be the set of vertices of the convex huh of points (n, F{n)), where n G — 1, /r+i — !]• One 
can show, that Cr includes the points (c, F{c)), where c is one of the numbers 

- 1 + fl or -1-/2 (l < g 

The set Cr coincides with this set of points if A(r) = 1. For A(r) = the set Cr in addition includes the 
points (c, F{c)), where c is one of the numbers 

/^_l_2.(-l)9 + /J,+i, or /,+i-l + 2.(-l)«-/,/g+i (3<g<^-2) 

The graphic of F{n) reminds some "fractal" pictures. I would like to propose a conjecture, concerning 
a "fractal" behavior of the quantity of partitions, all parts of which belong to a linear recurrent sequence. 

Definition 7.1. Let $ : N ^ N be a function. For v G $(N) let N^{v) = ij={n G N : = v}. 

Assume that $(N) = {v\,V2, ■ ■ ■} is an infinite set of the distinct numbers. We say that is a fractal 
function, if limr^oo|-^*(^^r)| = oo. If in addition N^{v) < oo for all v G $(N), then we say that $ is a 
finite fractal function. Otherwise it is an infinite fractal function. 

For instance, our results imply that F{n) is an infinite fractal function. 

Conjecture 7.2. Assume that the linear recurrence 

n^+r+l = XrUj+r + K-lTL^+r-l H 1" AoHj, (z ^ 0, Aq, . . . , A,. G Z) 

for some initial values ni,n2, ■ ■ ■ ,nr defines an infinite increasing sequence of the natural numbers 
S = {ni, n2, . . . }. Let $s("^) be « quantity of all partitions of n, the parts of which belong to S. Assume 

that the polynomial fs{t) ~ f^^^ — \rt^ — A^-it'"""^ Aq is irreducible over Q, and that r > 1. Then 

<I>5(n) is a finite fractal function. 
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